| > restart;

| > with(Riemann):with(Canon):
> with(TensorPack) : CDF(0) : CDS(index);
=> read "EFE" : read "SFE" :read "fids" :read "Seneqgsla" : read "deqsla" :
Chapter XX
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dust
if & . b=0 =>ue=(0
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file 1b: equations 7-10

The expansion tensor is defined as:

st st sk s o ok ok ok sk sk sk sk sk s sk sk ok ok sk sk sk sk s sk sk ok ok sk sk sk sk sk skoskoskosk ok

| Equation 7 Definition of the expansion scalar
sk sfe sie st sfe ke sk sfe sk st sfe ke st sfe sk st sfe sk sk sfe sk sk sfe sk sk sfeoske sk sk ke sk skeskeosk sk

>eq[7] :=theta=ula,-A]:T(%);
0=y @ (L.1)

,a
st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk skoskoskokoskok

| Equation 8 Definition of the shear tensor
sk sfe sie st sfe sk sk sfe sk sk sfe sie st sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfeoske sk sk skeskeosk sk

;The shear tensor is defined as:
>eq[8] :=sigmal-a,-b]= (é)-P[—a, c]-P[-b,d]-u[-c,-D] + (

;)-thetaP[—a,—b] T (%);

_ 1 d 1 d 1
Gab_EPa ch uc’d—i_?Pb CPa Mc’d_?epab (1-2)

sk ok s ke sk sk sk sk ok s sk s sk sk sk sk sk sk s sk sk sk sk sk sk s ke s skeosk sk skoskeskoskosk

;) P[-b.c]-P[-a.d]

‘ul[ -¢,-D] —

| Equations 8abc Properties of the shear tensor
sk ok s ke sk sk sk sk ok s sk s sk sk sk sk sk sk s sk sk sk sk sk sk s ke s skeosk sk skoskeskoskosk

| We show the following identities of the shear tensor:
> deq[8 b] := contract(raise(eq[8],a),a, b) : T(%);
1
a

c aZEPaCPa

d | d 1
uc’_d—i-?PacPa uc;d—?OPaa (1.3)
;using the identity:

>id[3] = u[-a,-B]-ula]=0:T(%);

(1.4)



=> deq[8 b3] := Absorbg(deq[8 b2]) : T(%);

P, =u ua+gab
> deg[1 e]: T(%):
b _
P7,=3
(> deq[8 b1] = deq[8 b]: T(%);
c “;%P “p duc’_d+%Pa ‘Plu, - % 0P “.
> deq[8 bl] := (TEDS(deq[1 e], deq[8 bl])) : T(%);
c “;%P “p duc’_d+%Pa ‘Plu, - % oP“.
[ > deq[8 bl] := (TEDS(deq[1 bl],deq[8b1])) : T(%);
c “;%P “p duc’_d+%Pa ‘Plu, - % oP“.
[ > deq[1 bl] := subs(b =c, raise(raise(deq[1],a), b)) : T(%);
Paczuauc+gac
[ >
> deq[8 bl] := TEDS(deq[1 bl ], deq[8 bl]) : T(%);
_ d 1 d 1 d 1
Gaa—EPa u“u Cuc;d+3Pa gacuc’.dﬁ-EPa ‘p* uc,.d—?GPa
> deq[1 b2 = subs(b=d, raise(deq[1],b)) : T(%);
P, =y dua—i-gad
> deq[8 bl] := TEDS(deq[1 b2],deq[8 bl]) : T(%);
o aQZ%u “uu duauc;d—i-%ga Tuy Cuc;d—i-%g “Cu d”a”c;d
1 d 1 d 1
+Egacga uc;d—’_EPa ‘P uc;d_?epaa
(> deq[8 b2] := Absorbg(deq[8 b1]) : T(%);
c “a:% uu ‘u duauc’,d—i-u <y Cuc;d-i—%g ¢ duc;d-i-%Pa ‘p duc’,d
1
—?GP“Q
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(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)



=> deq[1 b3] := subs(b=c, raise(deq[1],b)) : T(%);
P “=u Cua-l-ga ¢

a

=> deq[8 b4] := TEDS(deq[1 b3 ], deq[8 b3]) : T(%);

o

1

3

1
3

opP“

c “a:% uuu duauc’,d—i-u 4y cuc’.d-l-%u d,,d—l-%P ad, cuauc;d
1 d 1
+ P, Cuc’,d—? oP“,
=>
> deq[1 b4] := subs(c=d, raise(deq[1 b3),a)) : T(%);
Pad:uaud+gad
> deq[8 b5 ] := TEDS(deq[1 b4], deq[8 b4]) : T(%);
6] “a:u “uu duauc’,d—i-u Ty cuc;d—l—%u d’,d—i-%g ady cuauc
1 d 1 d 1
+Ega Cu au uc;d—i_zg ¢ ga Cuc;d_?ep aa
[ > deq[8 b6 ] := Absorbg(deq[8 b351) : T(%);
c aa=u “uu duauc;d+2u 7y Cuc;d—l— % u d,,d—l-%g d Cuc’,d
[ > deq[8 b7] == Absorbg(deq[8 b61) : T(%);
o, =u‘u‘u duauc’.d+2u T Cuc;d+5 u d’.d—l-%uc € —
(> id[3 a] == subs(a=c,-B=-D, id[3]) : T(%);
u,qu =0
> deq[8 b8 == TEDS(id[3 a], deq[8 b7]) : T(%);
I a4 1 1
Gaa—z ;d+5uc C—?eP“a
[ > eq[7al = subs(a=d,A=D, eq[7]) : T(%);
_ . d
e_u ,'d
> deq[8 b9] := TEDS(eq[7 a), deq[8 b8]) : T(%);
(6] QGZ%L{ d,,d-l-%uc"c—%Paau d’,d

=> deq[8 b10] :== TEDS(Pla,-a]=3,deq[8 b9]) : T(%);

—epr“

a

a
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>

;So we can say
>deq[8 b] == sigmala,-a]=0:T(%);

;We also want to show that;
>deq[8 c] == sigma[ -a,-b]-u[b]=0:T(%);

> eq[8]: T(%);

1
Gab_EPa ch
=> deq[8 cl] := sigma[ -a,-b-u[b]: T(%);

b

=> deq[8 c2] := expand(TEDS(eq[8], deq[8 cl])) : T(%);

1 b 1 b 1

d d

EP‘ZCPZ’ u ”c;d+3Pa P, “u uc’,d—?ePabu
> deq[3 cl] := raise(deq[3 cl,a) : T(%);

P, ,u’=0

> deq[8 c3] := expand(TEDS(deq[3 cl ], deq[8 c2])) : T(%);
1 d b 1 d b
EPa ch u uc;d—}_EPa P, “u U, .y

=> deq[3 c2] == subs(b=e,deq[3 cl]) : T(%);
P,,u ‘=0
(> deq[2 b1] = subs(b=e,deq[2 b]) : T(%):

P =P

ae ea
b d__
u P, =0

=> deq[8 c4] := TEDS(deq[3 c3],deq[8 c3]) : T(%);

1 d c b
EPa Pb u uc;d

[> deq[3 c4] = subs(d =c, deq[3 c3]) : T(%);
u Pb =0

=> deq[8 c5] := TEDS(deq[3 c4], deq[8 c4]) : T(%);

=> deq[3c3] := subs(e=b,a=d, raise(TEDS(deq[2 bl ], deq[3 c2]),a)) : T(%);
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and thus the equation is shown.

st st sk s ofe ok ok ok sk sk sk sk sk s sk sk ok ok sk sk sk sk s sk sk ok ok sk sk sk sk sk skoskoskosk ok

| Equation 9 Definition of the vorticity tensor
sk sfe sk st sfe sk sk sfe sk st sfe sk st sfe sk st sfe sk sk sfe sk sk sfe sk sk sfeoske sk sk ke sk skeskeosk sk

;The definition of vorticity tensor is:
>eq[9] := omegal -a,-b]= (1 ) -Pl-a,c]P[-b,d]-ul -¢c,-D]- (

1
2 2
‘ul -¢,-D]: T(%);

1 d 1

_ d
O‘)ab_EPa CPb uc;d_gpb CPa uc;d
j*************************************
| Equations 9ab Properties of the vorticity tensor
_*************************************
B
;We can see from observation that omega is antisymmetric:
> deq[9 a] := omega[ -a,-b]=-omegal -b,-a]: T(%);
O‘)ab: _(Dba
;We also want to show that :
>deq[9 b] := omegal -a,-b1-u[b]=0:T(%);
b_
(Dabu _O
[ > deq[9 b1] = omegal -a,-b]-ulb]: T(%);
[ > deq[9 b2 := expand(TEDS(eq[9], deq[9 bl])) : T(%);
1 d b 1 d b
EPG ch u lec;d_EPa Pb Cu lec;d
[ > deq[3 cl] = raise(deq[3 c1, a) : T(%);
b_
P, ,u =0
> deq[8 c3] := expand(TEDS(deq[3 cl], deq[8 c2])) : T(%);
1 d b 1 d b
EPa ch u uc;d+ EPa Pb Cu uc;d
> deq[3 c2] := subs(b=e,deq[3 cl]) : T(%);
P, u =0

=> deq[2 bl] == subs(b=e,deq[2 b)) : T(%);
P =P

ae ea

B deq[3c3] := subs(e=b, a =d, raise(TEDS(deq[2 bl ], deq[3 c2]),a)) : T(%);

(1.40)

)- P[-b,c]-P[-a,d]

(1.41)
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> deq|[8 c4] := TEDS(deq[3 c3], deq[8 c3]) : T(%);

1 d b
EPa Pb Cu uc;d
[ > deq[3 c4] = subs(d =c, deq[3 c3]) : T(%);
u be =0

=> deq[8 ¢5] := TEDS(deq[3 c4],deq[8 c4]) : T(%);
0
:and so we have shown:
>deq[9 c] := omegal -a,-b-u[b]=0:T(%);
©, U b-o

> deq[9a]:T(%);

Oyp="Dpy
=> deq[9d] :=-1- TEDS(deq[9 a], deq[9 c]) : T(%);
u b(x)ba=O
j*************************************

| Equation 10 Definition of the vorticity vector
sk sfe sie st sfe ke sk sfe sk st sfe sk st sfe sk st sfe sk sk sfe sk sk sfe sk sk sfeoske sk sk ke sk skeskeosk sk

| We introduce the vorticity vector field:

a_i abcd
® =51 Up®cy

sk s s sk sfe sk sk sk sk s sk sfe sk sk sk sk sk sk sfe sk sk sk sk sk sk sk skeosk sk sk skoskosk

| Equation 10a Property of the vorticity vector
sk s s sk sfe sk sk sk sk s sk sfe sk sk sk sk sk sk sfe sk sk sk sk sk sk sk skeosk sk sk skoskosk

[Tt can immediately be shown that

=> deq[10 a] == omega[ -a]-ula]=0:T(%);

©, u =0

[ Proof: since the substitution of eq[10] into deq[10a] gives:

a b cd

> deq[10 al ] :== TEDS(raise(eq[10], a), deq[10 a]) : T(%);
1
Eu n, u,o, ,=0

which contains symmetric (

u‘u b) and antisymmetric (n abOd ) products with the same indices

>eq[10] :== omega[a] = (;)-eta[a, b,c,d]-ul -b]-omegal -c,-d]:

T (%);

(1.50)
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(1.59)



. It is known that such a product is always = 0.

>

It is possible to show that this equation can be inverted to achieve
_ e
Oup=Ngpe f @ uf

We do so as follows. Firstly multiply equation 10 by the velocity u

=> eq[10a] := lhs(eq[10]) -ule]l=rhs(eq[10])-ule]: T(%);

At this point we need to look relook at some critical identities of 1 bl and §¢ b
(It might be better to refer to another file for the following identities:)

>

> deltaid[ 1 a] == delta[a,-b]-ulb]=ula]: T(%);
3, u b=y @
> deltaid( 1 b] = deltala,-b]-ul-a]=u[ -b]: T(%);
3 u, =u,
=> deltaid[1 c] := delta[a,-b]-omega[ -a,-c]=omega[ -b,-c]: T(%);
80, =0,

=> deltaid[ 1 d] = deltal[a,-b]-omega[ -c,-a]=omega[ -¢,-b]: T(%);
8%,0.,=0,

=>etaz'd[1] = etal -f,-g,-a,-e|=eta] ~a,-f,-g,-e] : T(%);
Nrgae™Nasge

> templ = TEDS(etaid[ 1], eg[10 b]) : T(%):

1 abcd

a e _ e
© u nafge_zn U,  u nafge

-el, b,d) : T(%);

d b c c b d
—5980 8,488,587,

o “u e:%n abcdub(DCdue
Then multiply by n fgae
>eq[10b] :=ceta[ -f,-g,~a,-e]-lhs(eq[10 a]) =eta] -f,-g,~a,-e]-rhs(eq[10 a]) : T(%);
1 bcd
Mrgae® "4 =5 MyggeM "7 Ty u”

=> temp2 = etal -a,-f,-g,-e]-eta[a, b, c, d] =-6-antisymm(delta[ b,-f]-delta[ c,- g ]-delta[ d,

nafgen ab Cd:_6 Cf8 dg6 be+6 de Cg8 be+8 bf8 ng 08_8 bf8 Cg8 de

(1.60)
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> temp3 = expand(TEDS(temp2, templ)) : T(%);

au enafgez_%Sbes Cfs dg(!)cdu eub+%6b66 CngfmCdu eub (1.69)
I <5 d b d
+38 508 O, U ”b 8 Sc 0" o, u ”b
Lst 5590 iab 5570
> temp4 = Absorbd(Absorbd(Absorbd(temp3))) : T(%);
1 1 1 1
o “u enangZ—E O, U e”e"'? W, U eue-i-z O, U euf—? O, U euf (1.70)

e 1 e
_E(‘)ef” ug+30)feu U,

=> temp5 = expand(TEDS(u[e]-omega[ -e,-f]=0, temp4)) : T(%);

o “u enafge=—%(ofgu eue—l-%(ogfu eue—l-%o)egu euf—%o)geu euf (1.71)
1 e
+2 O U U,

> temp6 = expand(TEDS(u[e]-omegal -g,-e]=0, temp5)) : T(%);
1 1 1 1
afge” ) O U eue-i- B O, U eue-i- o O, U euf—i- ) O u eug (1.72)

> temp7 = expand(TEDS(u[e]-omegal -e,-g]=0, temp6)) : T(%);

wdu en

O UM e O U @ U (1.73)
=> temp8 = expand(TEDS(u[e]-omegal -f,-e] =0, temp7)) : T(%);
o “u enangI—%(ofgu eue—i-%(l)gfu eue (1.74)
=> temp9 = expand(TEDS(u[e]-u[ -e]=-1, temp8)) : T(%);
® “u afge:% Org™ % Ogr .75)
> templ0 := expand(TEDS(omegal -g,-f]=-omega[ -£,-g], temp9)) : T(%);
o “u enafge=(ofg (1.76)
=> templl = expand(TEDS(etal -a,-f,-g,-e]=eta[ -f,-g,-a,-e], templ0)) : T(%);
Migae® “u e=03fg .77
> templ2 := subs(a =-a,e=-e,f=-f,g=-g, templl) : T(%);
N/ u,~0’8 (1.78)

;completing the proof
>




>

sk st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk s sk skokosko sk ke skeskoskoskosk

st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skoskokosk ok

| End of page 1b - equations 7-10

st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk skoskoskokoskok

>
> save deq, "deqs1b";
> save deltaid, "deltaid";
> save eq, "Seneqs1b";
> read "Seneqs1b" :

[ > show(eq);

1
2

1
P—b, cP—a, du—c, —D)’ 8= (G—a, —b: 5 P—a, cP—b, du—c, -D

1

l\)|»—ﬂ N|»—~

+

1
((x)aueZ? na’ b,c,d”—bw—c, _due), 10h= (n—ﬁ g -a ORS

)

_ 1 —(a_
N E n-ﬁ -g, -a, —ena, b, c,du-b (D—c, —due)’ Ta= (e_ud, —D)

>
[ > PrintSubArray(eq, 1, 10, y);

table([l = (TensorPack:-T_a’ _bzpu_au_b),2= (P_a’ —b:”—a“—b+g—a, —b)’ 3
1
= (Pa, _bub=0),4= (an=ubXa’ _B), 5= (dua=ubua’ _B),6= (u_a, _B=? GP_a’ b

to, ,to, , —du_au_b), 7=(0=u, ,),9= ((o_a’ b= PPy atic b

1
Pohel gt =3 0P 4 ) 10= (0,25, u,0, ) 10a

(1.79)



(1.80)



