| > restart;
| > with(Riemann):with(Canon):
> with(TensorPack) : CDF(0) : CDS(index);

_Chapter XX
Tensor analysis using indices - Senovilla et al. - Shearfree for dust
page 3

if o 4 b=0 =>nE=0
Author: Peter Huf
file 3 - eq42

for dust
i.e

\ 4
> read "EFE" : read "SFE" :read "fids" :read "eqs2" :read "Seneqs3c" :

>
j*****************************************
| Equation 42
sk sk sk st sk ske sk sk sk sk sk sk sk sk st sk sk sk sk sk st sk sk skeskeoskeoske sk sk skeoskeske sk sk skeskeskeske sk sk sk
| The original eq42 is
>eq(42] = (mu + (136 ) 'omega~omega) ‘Pla, b]-theta[ -B] = (;
~¢, b]-theta[ -B] + ( thgta )-P[—a,b]-mu[—B] L T(%);
16 2 b 1 . b 1 b
(u—i— 50 )P “ 9,-17:? o, ‘©, 70 ,+ 3 0P, U,

[ Proof of eq42:
| The first step is the time dilation of eq40

>eq[40]: T(%);
80P, "0, +P,"u,+0, "0 ,=0
:for the first term we use eq38
> eq[38] := Diff (P[a, b]-f[-B],t) =P[a, b]-f"[ -B] + omegala, b]-f[ -B] — (

Pla,b]-f[-B]:T(%);
0 a b _ a b - ab 1 ab
o (P7fy) =P f "yt 7, — S0P S,

> T(eq[38]);
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) - theta

[ In this file we continue to follow the equations outlined by Senovilla et al. (2007) with the assumptions

) -omegal -a, c]-omega[

(1.1)

(1.2)

(1.3)



0 b b pn b 1 b
a—t(P“ f’,b)=P“ [, te f’.b—?ep“ I

=>pr00f[eq4]tl] = subs(f=mu, eq[38]) : T(%);

0 b b b
(P a H,b) =P a H ,b+0) a H,b—?ep a H’b

o
:we use the following nomenclature
> temp = mu " =mudot : T(%);
W " =mudot
=> temp2 == mu'"'[ -b"]=mudot[ -b"]: T(%);
W, =mudot ;.

> temp3 = TEDS(temp2, temp) : T(%);
W " =mudot
[ > tempd = mu""'[ - B]=cod(rhs(temp3),-b) : T(%);

A A j—
M b - mudOt b

| we can use the format mudot=1 " efc...
> tempS5 := TEDS(temp4, proof [eq41tl]) : T(%);
0
o

(P “ bu;b) =p“ bmudot;b-i-(ﬂ ¢ bu’_b— % opr“ bu;b

B temp6 = subs(a=-a, temp5) : T(%);

b _ b b 1 b
5 (Pa u,b) _Pa mudOt ,'b +M,b0)a - ? ePa M)b

> terml = rhs(temp6) : T(%):

b b 1 b
P, “mudot ,+U 0, —?GPG 19

Ttk b oo o
=> term2 = op(2,0p(1,eq[40])) : T(%);
L

=> temp = dotT (term2) : T(%);

P, b dotmu . TdotP bu;b
=> temp2 == TEDS(dotP[-a,b]=0, temp) : T(%);

P, b dotmu b

:using eq36b
2

> temp3 := TEDS (dotomega =3

-omega-theta, tempZ) T (%);

b
P ; dotmu b
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> term2a = op (1, temp3) : T(%);

P b

a

a

>

[ > temp6 := expand( TEDS(tempS, temp3) ) : T(%);

=*********************************************
> term3 = op(3,0p(1,eq[40])) : T(%);
b
o, 0,

> temp = dotT (term3) : T(%);

> temp?2 := dotomegal -a, b]=- i -0[ -a, b]-theta: T(%);
dotomega , "= -— ®

[> temp3 = TEDS(temp?2, temp) : T(%):

>

;which, due to torsion free is:
> temp4 := dottheta| - B] =theta| -E,-Bl-ule] : T(%);

e
ep Y

dottheta b= 0

;Now for (dottheta), due to torsion-free
> temp4a = theta| - E,-B]=theta[ -B,-E]:T(%);

0 cerh 0 ;b e

=> temp5 = thetadot| -B]=cod(theta[ -E-ul[e],-b) : T(%);

> temp4 = op (2, temp3) =-8-omega- subs( f=omega, subs(a

_ b s b 1
dotmu;b— 80)(1’ ) ’,b+(l)a .,

dotmu ,=-80P , bomegadot’,b—S 00,0, b+

b b
® , dottheta BT dotomega , ~ 6 b

o, " dottheta , — % 0,0,"6

a,rhs(eq[38]))) :

b
oP, (o;b)

[ > temp5 = expand(TEDS(omega’"'[ - B] =omegadot| - B], temp4) ) : T(%);

b
P, o,

%(DGPz_a’b(D’,b—SO)Pz_a,bomegadot;b—iio)Pa b(’);b(‘)a b
[ > term2 = temp6 : T(%);
%(DGPz_a’b(D’,b—SO)Pz_a,bomegadot;b—iio)Pa b(’);b(‘)a b

| we can use the format thetadot=0 """ for scalars and dotheta[ | for vectors and tensors etc...
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thetadot , =6 u e,,b+e U ¢ (1.28)

;e

[ > temp6 = TEDS(temp4a, temp35) : T(%);

thetadot , =9 . u e},b+u ee,.b,,e (1.29)
> temp7 = TEDS(theta[ - B,-E]-u[e] =dotthetal - B, temp6) : T(%);
thetadot ’,bze;eu e’_b + dottheta b (1.30)
>t#eq[18] = u[-a,-B]= (;) P[ -a,-b]-theta + omegal -a,-b]:T(%);
> 7(eq[18]);
1
ua;b=? orP,,to,, (1.31)

> temp8 = subs(a=-e,eq[18]) : T(%);
1

ue;b=3 OP°, +o ¢, (1.32)

> temp9 = TEDS(tempS8, temp7) : T(%);

thetadot ., = % 0.0P eb +6 ., 0 eb + dottheta (1.33)
=> templ0 == TEDS(P[-b,e]=g[-b,e] +ul[-bl-ule], temp9) : T(%);

thetadot ., = % 0.0P eb +6 ., 0 eb + dottheta (1.34)
> templl := Absorbg(templ0) : T(%);

thetadot ., = % 0.0P eb +6 ., 0 eb + dottheta (1.35)
:multiplying by

> templ2 = expand(omegal -a, b]-templl) : T(%);
®, bthetadot;bZ% ©,"0 6P +0,"0 0° +o, dotthea , (1.36)

B templ3 = expand(TEDS(omegal -a, b]-u[ -b]1=0, templ2)) : T(%);
®, bthetadot;bZ% ©,"0 6P +0,"0 0° +o, dotthea , (1.37)

> templ4 = expand(TEDS(omega[ -a, b]-omegal - b, e]-theta[ - E] =omega[ -a, c]-omega[
-c, b]-theta[ -B], templ3)) : T(%);

o, " thetadot =+ 0,0 0P, +0,"0 0, +0, " dotthea, (1.38)

[ > templ5 = rhs(templ4) — lhs(templ4) =0 : T(%);

10,70,0P 0,70 0o, dotheta ,— o, " thetador ;=0 (1.39)

[ > templ6 := op(1,0p(1, templ5)) =-op(2,0p(1, templ5)) — -op(3,0p(1, templ5)) —op(4,




op(1,templ5)) : T(%);
% ©,"8 0P =-0,"0 0° +o, "dotheta ,+o, " thetadot , (1.40)
;hence combining terms:
> term3 := expand(TEDS(templ16 , temp3)) : T(%);
2

30,0, bg (1.41)

b
®, dottheta b

>
sk s s sk sfe sk ske sk sl sk sk sfe sk sk sk sl s sk sfe sk ske sk sl sk sk sfe sk sk sk sl sk sk sfe sk ske sk sl sk sk sk sk sk stk sk skeoskosk skosk sk

| so we have the 3 terms from the time differentiation:

> T (terml);
P, "mudot ,+u 0, " - % or, " u, (1.42)

=> T (term?2);
0P, 0, —80P, onegado ,~30P, "0 0, " (1.43)

=> T(term3);
o, dottheta ,— 30 0, "6 (1.44)

[ > total = terml + term2 + term3=0:T(%);

P, bmudot;b—i-u;b(oa b_ % oP, bu;b-l- % (DGPZ_a’bco;b—Scon_a,bomegadot;b (1.45)
—8wP, bco’,bma b-l—(na bdottheta’,b—%e O, bo=0

=>

=>

=>

=>

:Now using eq41:

> eq[41] ==-8*omegal -a, b]* omega™ omega[ - B] + omega[ -a, b]* mu[ -B] + omega[ -a,
c]*omegal -¢c, b]*theta[ -B]=0:T(%);

80,00 ,+o, ‘0, "0, ,+p,0,"=0 (1.46)

[ > temp = eq[41]:T(%);

b b

8w, 0w ,to, cmcbe;b—i—u;bma =0 1.47)
> fotal? = lhs (total) - lhs (temp) =0 : T(%);
P, bmudot;b— % oP, b},t;b-l- % coGPz_a’b(x);b—S(x)Pz_a,bomegadot;b (1.48)




3

> temp = mudot[ - B]=cod( -theta-mu,-b) : T(%);
mudot ,=-U0 , —ub ,

[ > temp2 = expand(TEDS(temp, total?)) : T(%);

b 4 b 8
-uP, 9,.1,_ 3 oP, uo,t 3 wepz_a’bco;b—Scon_a,bomegadot;b
_80)Pa b(’);bma b—i—())a dettheta;b—g e;bma be+80)a b(x)(J))_b

3

> temp = omegadot[ - B] =cod( 2. theta-omega,—b) :T(%);

3
_ 2
omegadot ., = - 3 0,0 3 bo .,
> temp3 = expand(TEDS(temp, temp2)) : T(%);
b 4 b 16 2 b
-uP, e;b—?epa u’.b+8m6PZ_a’bm;b+TwPz_ajbe;b—ScoPa ® ., 0

+o, bdottheta;b—%e;bma b9+8c0a b(om’.b—coa ‘o, ”e;b=o

> tank = temp3 :
[> ¢q[20]: T(%);

dottheta + % 62 —2 0)2 + % n=0
B temp = expand( TEDS(dottheta = thetadot, eq[20])) : T(%);

thetadot + 1 62—2c02+ 1 u=0

3 2
[ > temp?2 = temp — thetadot : T'(%);
1 2 2 1
3 0 —20 + ) W= -thetadot
[ > temp3 = -rhs(temp2) =-lhs(temp2) : T(%);
thetadot = —% 62 +2 0)2 — % u

> temp4 = cod(temp3,-b) : T(%);

thetadot ., = —% 06 ,+t400 ,— % [T

B temp5 = expand(TEDS(temp4, tank)) : T(%);

b 2 b b
+o, dottheta,.b——e,.b(oa 0+80m, QJOIN

a

b
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2
”e,.b——epa bu’.b+80)9P2_a’b(o;b+%o)Pz_a’be,.b—8coPab(o;b(oab (1.58)
+o, bdottheta;b—%ﬂ;ba)ab6+8mabcow;b—m ‘o bey.bzo

> temp6 = expand( ; theta~eq[40]) :T(%);
40

b 5 b 5 b
-T(DGPa OJ’,b-i-?ePa u’,b—l—?e’,bwa 0=0 (1.59)
> temp7 = temp5 + temp6 : T'(%);

b 1 b 16 2 b b
P, "8, + 8P, ", 808P 0,0 P8, —80P, "o 0, " (1.60)
+o, bdottheta’,b—i-e;bwab6+8mabcom,.b—ma "’mcbe’,b—t—omePabw;b

=0
> temp8 = ;-eq[4l 1:T(%);
—4coab(om’.b+%(oa cmcbe’,b-l-%p;bcoa b=0 1.61)
B total == temp7 + temp8 : T(%);
b 1 b 16 2 b b
“uP, "0+ 0P, u’.b+80)9P2_a’b0)’.b+T(oPz_a,be;b—S(oPa o,0," (162

+o, bdottheta’,b—i-e’,b(oa b6+4(oa b(oco,,b—%(oa ‘o, be,,b

40 b 1 b_
-3 0P, "0, ,+ 5 M0, =0
> eq[42] := collect( total, [P| -a, b], theta[ - B]], distributed” ) : T(%);
®, bdottheta’_b+4ma bcow,_b-l—%u;bwa b+80)9P2_a,boa;b—uPa be)_b+13—6 w2 (1.63)

b 1 b 1 b
Pz_a’be’.b—l-((oa e—zma‘mc )6,.b+(?6u;b—8(oa 0o,

40 b_
—T(oe(o;b)Pa =0

proof: completed
sk sk sk st ske sk sk sk sk sk ske sk sk sk st sk ske sk sk sk sk ske sk skeoskeoskeoske sk sk skeskeoske sk sk skeskeskeske sk sk

> PrintSubArray(eq, 1,42, y);
1’ Ta b pu alp

2’Pab=uuab+gab




3,P % ul=0
4,dX “=u’x,

b
5,du “=u "u

b
Ly d
6’ua;b_? Pab+cab+0)ab_ uaub
7,0=u a},a
_1 c d 1 c d 1
8’Gab_3pa Pb uc;d—i_EPb Pa uc;d_?epab
9 —Lpoepd, _Lp ocpd
’(Dab 2 a b ucd 2 b a uc;d
1 bed
10,0)“—511” “Cu o,
f
1L, o,, Naper® U
lz,m—%m“bmab
13, "iff(iff(omega[-a,-b] = 0,omega[-a]),omega = 0)"
c b_ 2 b b
40, o, =-0 P, +0 o,
1 1 1 1 ab
1593”13a_?”a;b_zd”a“b_zdub”a_i_m
1 1 1 1 1 _
ua b+ ucub,'a+6ubua c_6ubuca_ uaub c+ uaucb 0
17,6 ,,=0
1 1
8,Ma’,b—?epab+ﬂ)ab

19,ua,cd—ua b

_ a
die=R Tyt

20, dottheta + % 0 —2m + % w=0

d i 2 _
21,Pa CPb (!)Cd,fu +3 e(l)ab_o

1 2
22’(0a(0b_?PabO‘) +Eab:0

23,E,,=C

c
abcd4 U

_ d !
24’Hab_3nae ‘ Ccdbfu u



b.uf+—90) =0

a
25,P 7, o p 3

b b d
26,2P "0 ,+3P 0" =0

a

27, ® ”;a=2 du “ ®

_ 1 c d d ;c 1 c d d ;c
28’Hab_EPa P, o +3Pb P, o
bc _ b c b c
V0,0 =P, 0 0, —P, 0 0,

30, w0 + dotmu =0
31, (W+p)du “+P“"p,
32,du “=0

;a

fdot

33,u,=-

M u=(cl—1)p+e2o

35, dotomegaabz—% o, ,

36, dotomega = - % 0w

37,6 (c]p— % c2 0)2) -0

0 b b g b 1 b
38, 2 (P ) =P 0 =3 8PS,

b b b
39,-3P,"0 ‘@, —13P, "0 ‘@, ,+2P, "n,=0

b b b
40,-8wP, "o ,+P,"n,+0,"0,=0

4, -80, 00 ,+to, ‘0, "0 ,+u,0, =0

c

2, o0, b dottheta b +40, b >

1 1

a 2 3

40

b_
_Twem;b)Pa =0

> save eq, "Seneqs3d";
[ >

>

+13—6(02P2_a’b6’,b+ (co "o-— 0, ‘o, b) 0.,+ (— bu,—8ov,

b

(om’,b-i-i n,o, b+80)9P2_a’b0)’.b—pPa be;b

0o,

(1.64)



