| > restart;

| > with(Riemann):with(Canon):
> with(TensorPack) : CDF(0) : CDS(index) :

Chapter XX
Tensor analysis using indices - Senovilla et al. - Shearfree for
dust
page 2

if & . b=0 =>ue=()
Author: Peter Huf
file 2d:eqs 26-30

[ In this file we continue to follow the equations outlined by Senovilla et al. (2007) with the assumptions
for dust
e

\ 4

[ > read "EFE" : read "SFE" :read "fids" :read "Seneqs2c" :
>

st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk skoskoskokoskok

| Equation 26
sk ok skosk sk sk sk sk sk skoskosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok

The constraint equations are (with dust assumptions) :

=> eq[26] :==2- Pla, b]-theta[ -B] +3-P[a,-b]-omega[b, d,-D]=0:T(%);

2P "0 ,+3P 0" =0 (1.1)
:Proof of eq26:

| This equation is derived as eq69 of Ellis 1970 (where shear and acceleration are zero):

> Feq[69] == (2 ) - Pla,-b]-theta[ B] +-eta[a, b, d, f]-u[ -b]-omega -d,-F1=0:T(%);

3
2 b bd
SPe=n"  u0, =0 (1.2)

:Now we subsitute the identity:




> templ = omegal -d] = ; eta[ -d, g, h,i]-u[ -g]-omegal -h,-i]: T(%);
1 hoi
(odZEndg ’ugcohl. 1.3)

[ > temp2 = cod(templ,~f) : T(%);

1 hoi 1 hoi 1 hoi
Ouy= Ma® " g @it g Mgt @yt B 0y (1.4

[ > temp3 = expand(TEDS(eta[ -d, g, h, i,-F]1=0, temp2)) : T(%);

1 hi 1 hi
O™y Ma ™" gy @ity Mg ® 7 0y (1-5)

[ > temp4 = expand(TEDS(temp3, Eeq[691])) : T(%);

2 b1 bdf hoi 1 bdf hoi
=0

_(swapping one pair of indices:)
> temp5 = etala, b, d, f|-etal -d, g, h,i1=-1-g[g, k]-glh, []-g[i,m]-eta[d, b, a, f]-eta] -d, -k,

-1,-m]: T(%);
nabdfndghiz_ggkghlgimndbafndkl (1.7)
m
>temp6 —eta d,b,a,f]eta -d,-k-1[,-m])=-6-antisymm(delta[ b,-k]-delta[a,-[]-delta[f,
bﬂ T(%);
nehe fndklm=6 “ks bl 84 87/8" 8" 5487 +87,88" (1.8)

b f f b

+8 7,9 lﬁam—ﬁ 9 lﬁam
> temp7 = expand( TEDS(temp6, temp5)) : T(%);
nabdfndghi=_8ak8b16fmggkghlgim+8ak8bm8flggkghlgim (1.9)

b k_hl j b k_hl ]

—8,8"87 g5 g g " +5 8" 8 g g g
> proof [26 a] := expand(TEDS(temp7, temp4) ) : T(%);
2

gp"be ’hb+%6ak6b18fmggkg " lgim(ohiubug;f (1.10)

a b f gk _hil _ im
67,067,067 ,g°"¢" 'g W) U Uy g

a b f gk _hil _im
67,807,087 ,8% g g T uu, .,
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=> proof [26 b]
= Absorbg(Absorbg(Absorbg(Absorbd(Absorbd(Absorbd(proof[26al)))))) :

i m

Wy uply g

"o,
"o,
"o,
"o,

m
W,

SUpl g

;fubug

,,fubug

SUpl g

;fubug

0, "not a tensor"

0, "not a tensor"

0, "not a tensor"

m —

2 a b 1 [ m a 1 I m a 1 a m k
?P 0 +E(D u,u "’”_E(D u, u Z_EO) ugu
—i—l am k +i I a S S k +i I m
) 0] U u g ) 0 upu -y 0 uu ) 0 U
_L I m a_i a m k+ a m k_i_i l a
) 0 U, U ) () U ® aU U ) (0] U
1 I a k_
—E(D U gu =0
_>pr00f[26 c] == expand(TEDS(u[ -k ]-u[k]=-1, proof[26 b])) : T(%);
1 a m k 1 [l a k 2 a b 1 [ m
30) GU U —30) QU u +?P 0 +3(0 uu
—%wlmumua;l-l——mamumuk’_k—%mlaulu k}_k-i-—colm’_mulu
_L I m ay am 1 [ a _i a m
) 0 JU U () om 0] / 0 upu
+L I a k _p
_>pr00f[26 d] = expand(TEDS(u[ -1]-omega[l, m] =0, proof 26 c])) : T(%);
1 a m k 1 [l a 2 a b 1 [ m a
30) Rz —30) KU U +?P 0 ) U, u

T(%);
(1.11)
k
(1.12)
(1.13)



+%(z)amumuk},k—%o)laulukk—l——(olm;mulua—%(olmlumu
1 a m 1 [ a 1 am k 1 [ a k
+EOJ )""_Em ;l_?m upu ;m-l-?(n U u ;1_0
_>pr00f[26 e] == expand(TEDS(u[ -/]-omega[/, a] =0, proof (26 d]) ) : T(%);
1 a m k 1 [l a k 2 a b 1 [ m a
30) qU U —30) MU +?P be _E(D U, u g
-l-%(namumukk+—a)lm’,mulua—%0)lmlumua+—(x)amm
_>pr00f[26f] = expand(TEDS(u[ -m]-omega[/, m] =0, proof[26 e])) : T(%);
1 a m k 1 [ a k 2 a N 1 a m k
EO) A —E(z) gl —l-?P be +E(D U, u
1 I m a 1 [ m a 1 a m 1 [ a
+EOJ U —5(1) qU U +EOJ )""_Em p
1 am k 1 [ a k _
_>pr00f[26 g] = expand(TEDS(u[ -k]-u[k,-L]1=0, proof[26 1)) : T(%);
1 JA | ! ko2 b 1 k
E(Dam;kumu —E(n a’,kulu +?Pab9 -I—E(Damumu s
_+_%O)meulua_%mlmlumua+l(Dam;m_iwlal
L a m ko _
— ) ® U u ’_m—O
_>pr00f[26 g2 = expand(TEDS(u[ -k]-u[k,-M]=0, proof (26 g])) : T(%);
1 a m k 1 [l a k 2 a b 1 a m k
30) qU U —30) MU +?P be +E(D U, Uy
1 i 1 / 1 1 la _
+E(D m;mulua—g(ﬂ m;lumua_’_zmam;m_gm a;l—O

=>pr00f[26 g3 = expand(TEDS(u[ -m]-omegala, m]| =0, proof[26 g21)) : T(%);

%0) a m;kumu k_%mla;kulu k_i_%Pabe ,'b_i_%mlm;mulu a
1 I m a 1 a m 1 la _
—E(z) qU U +E(D ,.m—E(!) ’.1—0

=>pr00f[26 g4] == expand(TEDS(u[ -m]-omega[a, m,-K]=-u[ -/]-omega[l, a,-K],
proof [26 g3]2)) :T(%);
3

[ a

1 1
-® ~ku[”k+ lm‘ a I m

P"be"”+3m U U —50) ’,Zumua-l—%(oam,

m

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)



1 l
- 5 () a,.lzo
=>pr00f[26 g5] == expand(TEDS(u[ -m]-omega[l, m,-L]=-u[ -/]-omega[l, m,- M],
proof (26 g4])) : T(%);

-0 ' uu k—i—%P 0+ uu "+%m ‘ ’”,_m—%m T4=00 (120
=>pr00f[26 g6 := expand(TEDS(omega[l, a,-L]=-omega[a, m,-M], proof[26 g51)) : T(%);
-0 ' uu k—i—%P o+ wute " =0 1.21)
:fromvid30:
> proof [26 g7 == expand(TEDS(u[ -1]-u[k]-omega[l, a,-K]=0, proof 26 g61)) : T(%);
%P“bﬂ"b—l—(x)lm’.mulua—l—(oam;m:O (1.22)

_>pr00f[26g8] = 3- subs(l=b,m=d, M=D, proof [26 g7]) : T(%);
30" ju,u“+2P 0 "+30 7 =0 (1.23)

;Now we compare to the full version of eq26 with acceleration=0:
>eq[26]) == 2-Pla, b]-theta[ -B] +3-Pla,-b]-omega[b, d,-D]: T(%);

b b d
2P 9’,b+3Pab0) d (1.24)
> temp = subs(b=-b, B=-B, eq[26]);
temp =3P, ,o0_,  _+2P _,0, (1.25)
_>pr00f[26 h] == expand(TEDS(Pla,b]=gla, b] +ula]-ulb], temp)) : T(%);
30, uu+2P 0 " +3g "0, ¢, (1.26)

[> Absorbg( proof[26 k1) : T(%):
3o, uu+2P 0 " +30 7, (1.27)
_>pr00f[26g8]:T(%);

3 ? d;dubu ‘2P0 +30 47

a=0 (1.28)
;which is identical to proof [26 g8 ] above

| proven
sk 2 ok sk o ok sk o sk sk s sk s s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s ok sk s sk sk s sk sk s ok sk s sk sk s sk sk s sk sk s sk sk s sk sk sk sk sk ke sk skeskosk ksk

sk ok s sk sfe sk sk sk sk sfe sk sk sk sk sk sk s sk sk sk sk sk sk sfe sk sk sk sk sk sk sfe sk sk sk sk sk s sk sk skeosk skokeskoskosk

st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk skoskoskokoskok

| Equation 27 (from literature )



_*************************************
>eq[27] == omegala,-A]=2-dula]-omega[ -a]: T(%);
a a
0", =2 du "o, (1.29)

;the following 2 statements are equivalent for dust:
> eq[27 a] := TEDS(du[a] =0, eq[27]) : T(%);

() a’,a=0 (1.30)
> eq[27 b] := etala, b, c,d]-u[ -a]-omegal -¢,-d,-B]=0:T(%);
bcd
avc uamcd;bZO (1.31)

sk s sfe sk sfe sk ske sk sl sfe sk sfe sk ske sk sk sk sk sfe sk ske sk sk skeoske sk sk skeosk sk sk skoskosk

| Equation 28 - identity of the magnetic part of the Weyl Tensor (in literature)

_*************************************
>eq(28) = H[-a,-b]=symm(P[ -a,c]-P[-b,d]-omega[d, Cl,-a,-b) : T(%);
_ 1 d _d; 1 d _d;
Hab_EPa ch 0) c+5Pb cPa 0) ¢ (1-32)

sk ok s sk sk sk sk sk ok s sk sk sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk skoskeosk skosk sk
sk ok s sk sk sk sk sk ok s ke sk sk sk sk sk s ke s sk sk sk ok sk skeoskeosk ko sk

> save eq, "Seneqs2d" :

;go to page 3
> read "Seneqs2d" :

> PrintSubArray(eq, 1,28,y);

LT, ,=pu,u,
2,P ,muu,,+g .,
3P u =0
4,dX “=u bXa}.b
S,du “=u"u i

1
6,Z/la)b:?ePab+Gab+(Dab_duaub




2i a b

12, 0 = 5 0] ®,,
13, "iff(iff(omegal[-a,-b] = 0,0omega[-a]),omega = 0)"
14,0, o, bz—sza "to bma
15,%ub;a—%ua;bZ%duaub—%dubua-l—wa
uab+_ucub;a+_ubua;c_iubuc;a_iuaub
17,6 ,,=0

18,ub’,a=—u Uy U C—|—%9hab+(x)ab

a b

a _ a
19u " 4—u "4 =R, qu

20, dottheta + % 92 -2 0)2 + % n=0

d o2 _
21,Pa CPb O)Cd’fu + 3 e(Dab—O
1 2

?Pabw +£,,=0

23’Eab:Cabcdu cu

2, 0,0,—
d

_1 d s
24’Hab_3nae ‘ Ccdbfu ‘u

b b d
26,2P %0, +3P " 0",

27, ® ”;a=2du ‘o,

Pb cP dmd;c

a

1 e, 1
28, H, =5 P, Py 0"+

(1.33)



