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| > restart;

| > with(Riemann):with(Canon):
> with(TensorPack) : CDF(0) : CDS(index) :

_Chapter XX
Tensor analysis using indices - Senovilla et al. - Shearfree for dust page2if ¢ =0

| =>w0=0, Author: Peter Huf, file 2¢c: eqs 20-25

ab

> read "EFE" : read "SFE" :read "fids" :read "Seneqs2b" : read "deqs1b" :

|_the time propogation along u produces eqs 20, 21, 22:
>k ok 3 ke s sk sk sk ok s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk skeosk skok sk sk koo

;Equation 20 Raychaudri equation

>k ok 3 ke s sk sk sk ok s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk skeosk skok sk sk koo

| The "evolution" equations (with slight variations form the previous chapters) are:

>eq[20] := SFE[3]:T(%);

thetadot + . 9 —2 (x) + = ;,L 0 (1.1)
>eq[20] == ula,-A4,-E]- ( ) -theta-theta — 2-omega-omega + (; ) -mu=0:7(%);
1 2 2 1
U ?9 —2m +3LL=0 (1.2)
> eq[20] := dotT (theta) + (é ) -theta-theta — 2-0mega-0mega—|— (; ) -mu=0:7T(%);
dottheta + ? 6 -2 (,0 + = p, 0 (1.3)

| this is an accepted proof that is common in the literature (Ellis, 1970)
sk sfe sie st sfe sk sk sfe sk sk sfe sie st sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfeoske sk sk skeskeosk sk
| Equation 21

st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk sk ok sk sk sk sk sk skoskoskokoskok

>eq[21] = P[-a,c]-P[-b,d]-omegal -c,-d,-F]-u[ f]+ (i)-theta-omega[—a,—b]ZO:
T(%);
2
P Py o g+ T 00,,=0 (1.4)

| this is an accepted proof in the literature (Ellis, 1970)
sk sfe ke sk sfe ke sk sfe sk sk sfe sk st sfe ke st sfe sk sk sfe sk st sfe sk sk sfe sk sk sk sk sk skeskeosk sk

;Equation 22

st st sk sfe ok sk ok ok sk sk sk sk sk sk sk sk ok ok sk sk sk sk s sk sk ok ok sk sk sk sk sk skoskoskosk ok

;Equation 22 is the field equation 5, with the dust assumption.

> T(SFE[5]);
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O)a(ob_%Pab('o +E,,=0

> eq[22] == expand(TEDS(du| -g,-F1=0, SFE[5])) : T(%);
2

®,0,— LPaboa +E,,=0

3

sk s sfe sk sfe sk ske sk sl sfe sk sfe sk ske sk sk sk sk sfe sk ske sk sk skeoske sk sk skeosk sk sk skoskosk

Equations 23 & 24 - definitions of £, and H

sk ok s ke sk sk sk sk ok s sk s sk sk sk sk sk sk s sk sk sk sk sk s sk s skeosk sk skoskeskokosk

;The definitions of E and H (eqs 23 and 24):
>eq[23]=FE[-a,-b]=C[-a,-b,-c,~-d]-ulcl-uld]: T(%);

_ c d
Eab_cabcdu u

>eq[24] = H[-a,-b]= ; etal ~a,-e, ¢, d]-C[-¢,~d,~b,~fT-ule]-ul f1: T(%);

_1 cd e f
Hab_?nae Ccdbfu u

>k ok 3 ke s sk sk sk ok s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk skeosk skok sk sk koo

|_Equation 25

sl e e e e ookl ok e e ook ok ke e ook ok
> eq[11]: T(%);
Oup ™ MNapesr® ‘u’
=> templ == subs(a=c,b=d,eq[11]) : T(%);
O T Neger® ‘ul
=> temp?2 = cod(templ,-h) : T(%);
Oegn™Neges® “u f;h+ncdef0) e;h” f+ncdef;h(’0 ‘ul
:We start with eq21:
>eq(21]):T(%);
2

Sy £ -

c d
Pa Pb

Term 1 of eq21 has a time derivative component : ®  ; ,u = (n cdef® “u f) U "

=TheRHS=(ncdef(De;huf)uh+ (ncdefweuf;h)uh
>ule,-H]:T(%);

e
u ,‘h

B temp3 = expand(TEDS(eq[11], subs(f=h, F=H, eq[21]))) : T(%);
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> temp4 = expand(TEDS(temp2, temp3)) : T(%);

d h d h
P, P, Nedeof® ‘uu f}.h+Pa ‘P, Nedef® < Tu 1.15)
+P, P, dncdef;hm “ulu h—l—%enabef(n “ul=0
> temp5 = expand(TEDS(eta] -c,-d,-e,~f,-H]=0, temp4) ) : T(%);
d h d h, 2
PPy g0 ulul PP g u e, 0 Cu T=0 (L16)
=>
[ > subs(b=c,deq[1]) : T(%);
Pac:uuac+gac (1'17)
[ > temp6 = expand(TEDS(subs(b=-c, deq[1]), temp5)) : T(%);
d h d h
PyMges® ‘uuu u f;h-l-Pb Neder€a ‘o uu f’,h (1.18)

d e c f h d c e
+Pb ncdefm ;hu u-u ua+Pb 1’]cdefga ® ;hu u
2 e f_

B temp7 = expand(TEDS(subs(b=-d,a=0b,deq[1]), temp6)) : T(%);

d h d h
ncdef('o ‘uuu uaubuf,~h+ncdefgb o “u ‘u “a”f;h (1.19)

c .e d_h f c d e h
-|-T]CdefgLz O uu uyu ’.h+ncdefga g&p O u u”,

e c d_f h d _e c f h
+ncdef(‘o g uuu uaub+ncdefgb ® ,u uu - u

c . e d f h c d e f h
+ncdefga ® aUousu ub+ncdefga gy O AU

a

2 /o
+?enabef(o eu _0

[ > temp8 = Absorbg(Absorbg(temp7)) : T(%);
0, "not a tensor"

0, "not a tensor"

d h h
ncdef(’)e” “‘uu uaubuf’_h-l—ncbef(;)eu ‘uu uf)_h (1.20)

a
e d_h f e h f
+T]adef0) u u - uyu ;h+nabef(’o u-u’ o,

e c d f h e c f h
+ncdef(0 gquu o uu uaub—l-ncbefco U ou U u

d h o2
N oaes® it ulu Up TN gper® e T3 0@ “u’=0
> temp9 := expand(TEDS(u[ f,-H]- =0, temp8)) : T(%);

d h h
ncdef(;)e;hucu u’u uaub-l—ncbefme;hucufu u (1.21)




d h h, 2
+nadef(z)e;hu uu ub+nabefo)e’.hufu +?enabefo) cu /=0

;There are several terms involving symmetric and antisymmetric tensors that vanish:
> templ0 = expand(TEDS(eta[ -c,-d,-e,~f1-u[ f1-u[d] =0, temp9)) : T(%);

c f h

Neper® Cau fulu hua+nadef'0) Sl “utu hub+nabef(0 Cau Ty (1.22)
+%9nabef(o ‘u’=0

> templl = expand(TEDS(eta[ -a,-d,-e,~f1-ul f1-uld]=0, templ0)) : T(%);
Neper® Cauu T hua+nabef(’o S Tu "+ % 0N, pe @ ‘ul=0 (1.23)

> templ2 = expand(TEDS(eta[ -c¢,-b,-e,~f1-ul f1-ulc]=0, templl)) : T(%);
Naper® e,-hufu“r%ﬁnabefweuf:o (1.24)

> templ3 = factor(templ2) : T(%);

%nabefu f(26w6+3(oe;hu h)zo (1.25)

| assuming u<>0 then the bracket term above must be zero (since we assume velocity is not zero):

> templ4 = L. op(4,o0p(l,templ3)) =0:T(%);

3
2 h
?emeﬂoﬂhu =0 (1.26)
[ > templ5 = expand( TEDS(omegale,- H]-u[h]=dotomegale], templ4)) : T(%);
% 0 ® °+ dotomega °=0 (1.27)

>

| now we compare to €q25

>eq[25] == Pla,-b]-omega[b,-F-u[ f]+ (g)-thetwomega[a]:O :T(%);
b 2
Po’ u f+?90)“=0 (1.28)
_>subs(b=b,a=—a, deq[1]) : T(%);
Pabzu aub—i-gab (1.29)
_>pr00f[25] = expand(TEDS (subs(b=b,a=-a,deq[1]),eq[25])) : T(%);
(Db’,fuaufub—i-gabmb;fuf—i-%ﬁ(oa:O (1.30)

=>pr00f[25] = Absorbg(proof25]) : T(%);

0, "not a tensor"

(1.31)



b
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u,+o a;fu f+%90) “=0

® b},fu “u fub—l—dotomega a—l—%ﬂ(z) “=0

u aubdotomega b—l—dotomega “+ % 0w “=0

| now
> proof [25] = expand(TEDS(dotomega[b]-u[ -b]=0, proof[25])) : T(%);

dotomega “ + % Bw “=0

;which is equivalent to temp15
>templ5 : T(%);

% 0 ® ¢+ dotomega =0
[ > templ5: T(%);
2

3 0 ® ¢+ dotomega =0

st st sk s sfe sk sk ok sk sk st sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk soskoskosk sk sk ko

> save eq, "Seneqs2c" :
;go to page 3
> read "Seneqs2c";

eq = table(

a, —

=>pr00f[25] = expand(TEDS(omegala,- F]-u[ f'] =dotomegala], proof[25])) : T(%);

=>pr00f[25] = expand(TEDS(omega[ b,- F]-u[ f'] = dotomega[b], proof[25])) : T(%);

1= (TensorPack:—T_a, _b=pu_au_b), 2=(P_, p=u_u_py T8, )3

=(P bubZO),4= (an:ubXa’ _B),SZ (d”a:“b”a, _B),6= (u_a’ BT
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eq25isproven********************************************************************
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> PrintSubArray (eq, 1, 25,y);
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_ 1 d d 1
8’Gab_EPaCPb ucd+_PbCPa ucd__epab
9 —Lp cp d Lp ep d
’(Dab 2 a b ucd b a ucd
1 bed
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(1.38)



