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| > restart;
| > with(Riemann):with(Canon):
> with(TensorPack) : CDF(0) : CDS(index) :

Chapter XX

Tensor analysis using indices - Senovilla et al. - Shearfree for

dust
if o . b=0 =>ue=()
Author: Peter Huf
file 1c-equations 11-12

[ > read "EFE" : read "SFE" :read "fids" :read "Seneqs1b" : read "deqs1b" :read deltaid :
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| Equation 11 Relation between voticity vector and tensor
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It is possible to show that this equation can be inverted to achieve
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We do so as follows. Firstly multiply equation 10 by the velocity u

=> eq[10a] := lhs(eq[10]) -ule]l=rhs(eq[10])-ule]: T(%);

o “u e:%n abcduwadu e
Then multiply by n fgac
>eq[10b] :=ceta[ -f,-g,~a,-e]-lhs(eq[10 a]) =eta] -f,-g,~a,-e]-rhs(eq[10 a])
1 bcd
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At this point we need to look relook at some critical identities of 1 bl and §° b
(It might be better to refer to another file for the following identities:)

>
> deltaid[1 a] = delta[a,~b]-u[b]=ula]: T(%):

:T(%);

(1.1)

(1.2)

(1.3)



=> deltaid[1 b] = deltala,-b-u[-a]l=ul[-b]: T(%);

=> deltaid[ 1 c] := deltala,-b]-omega[ -a,-c]=omega[ -b,-c]: T(%);

5, 0,.=0,,

=> deltaid[ 1 d] := delta[a,-b]-omega[ -c,-a]=omega[ -¢,-b]: T(%);

5%, 0,,=0,

_> etaid[1] := eta[ -f,-g,~a,-e]=eta[ ~a,~-f,-g,-e]: T(%);
Nygae™Nasge

=> templ := TEDS(etaid[1], eq[10 b]) : T(%);

_ 1 bed
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-el,b,d) : T(%);
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B temp3 = expand( TEDS(temp2, templ)) : T(%);
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=> temp4 = Absorbd(Absorbd(Absorbd(temp3))) : T(%);
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B temp5 = expand(TEDS(u[e]-omegal -e,-f1=0, temp4)) : T(%);
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B temp6 = expand(TEDS(u[e]-omegal -g,-e]=0, temp5)) : T(%);
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=> temp?2 = eta] -a,-f,-g,-e]-etala, b, ¢, d] =-6-antisymm(delta[ b,-f]-delta[ c,- g ]-delta[d,
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2
> temp7 = expand(TEDS(u[e]-omega -e,-g]=0, temp6)) : T(%);
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> temp8 = expand(TEDS(u[e]-omega[ -f,-e] =0, temp7)) : T(%);
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> temp9 = expand(TEDS(u[e]-u[ -e]=-1, temp8)) : T(%);
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=> temp10 = expand( TEDS(omega[ -g,-f ] =-omega| -f,-g], temp9) ) : T(%);
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> templl = expand(TEDS(etal -a,-f,-g,-e]=eta[ -f,-g,-a,-e], templ0)) : T(%);
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> templ2 = subs(a=-a,e=-e, f=-f,g=-g, templl) : T(%);
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_completing the proof of eql1
;and so we have

>eq[11] == rhs(templ2) =lhs(templ2) : T(%);
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| Equation 11b Vorticity vector and tensor are orthogonal
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We proceed to show w , , ® b=0

> expr := omegal -a,-b]-omega[b]: T(%);

b
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>eq[10] == omegala] = (;)-eta[a, b,c,d)-ul -b]-omegal -¢c,-d]: T(%);
wa:%n abcdub(DCd
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eq[11m] written out explicitly is:
[ > eq[11 m] := omega[ -~a,-b]=etal -a,-b,-c,~-d]-u[d]-omegal[c]: T(%);
d
®up=Ngpeatt  ©° (1.23)

B eq[10a] :=subs(b=e,c=f,d=g,a=b,eq[10]) : T(%);
b_ 1 befg

() ZET] U, 0y, (1.24)
> temp = expand(TEDS(eq[11 m], expr)) : T(%);
o', . u " (1.25)

> temp2 = expand(TEDS(eq[ 10 a], temp)) : T(%);
1 d b
T Napean 00" w0, (1.26)

;sowehave
> temp2 = expr =temp2 : T(%);
p 1 d b
O p® = Mypeqtt " ® M o, (1-27)
> temp3 = expand(TEDS eta] -a,-b,-c,-d] =-eta[ -b,-a,~c,-d], temp2)) : T(%);
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[ > temp4 = expand(TEDS(eta[b, e, f, g]-eta[ -b,~-a,-c,-d] =-6-antisymm(delta[ e,-a]-delta[f,
-c]-delta[g,-d], e, g), temp3,)) : T(%);
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B temp5 = Absorbd(Absorbd(Absorbd(temp4))) : T(%);
mabmb=%mcmcdu dua—%mcmdcu dua—%mcmadu duc (1.30)
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[ > temp6 = expand(TEDS(u[d]-u[ -d]=-1, temp5)) : T(%);
(oab(ob=%(ocwcdu dua—%mcwd(;u dua—%mcwadu duc (1.31)
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B temp7 = expand(TEDS(u[d]-omega[ -a,-d]=0, temp6) ) : T(%);
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=> temp8 = expand(TEDS(u[d]-omega[ -d,-c]=0, temp7)) : T(%);
©,,0 b=% o ‘o, ,u dua—i-%(o ‘o, u duc—%(o Cwac-l—%a) ‘o,,
=> temp9 = expand(TEDS(u[d]-omega[ -d,-a]=0, temp8, )) : T(%);
©,,0 b=% o ‘o, ,u dua—%m Cwac-l—%a) ‘o,,

[ > templ0 = expand( TEDS(u[d]-omega[ -¢,-d]=0, temp9, )) : T(%);
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®,,0 ——Ew (oac—i-zw .,
[ > templ] = ex and(TEDS(omegal -¢,-a]=-omega[ -a,-c], templ0)) : T(%);
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> templ2 = subs(c=b, templl) : T(%);
0)ab03 b:‘(l)ab(l) b
> templ3 = templ2 + omegal -a,-b]-omega[b]: T(%);
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20,0 =0
| proving the equation
>
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| Equation 12 Definition of the vorticity scalar
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| We define the vorticity / rotation scalar:

>eq[l12] = c02= (1) omegala, b|-omegal -a,-b]: T(%);
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[ > eq[11 m] == omega[ -~a,-b]=eta] ~a,-b,-c,~-d]-u[d]-omegal[c]: T(%);
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B temp = expand(TEDS(eq[11 m], eq[12])) : T(%);
2 1 ab
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> eq[11 ml] = raise(omegal -~a,-b]=etal ~a,-b,-c,~-d]-u[d]-omega[c],

a):T(%);
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T(%);

> temp;

(> 7(%);

(> 7(%);

[ Now we use the identity:

written explicitly:
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=> eq[11 m2] = subs(c=e, d=f, raise(eq[11 mi],b)) : T(%);

bzn a bef” f(l) e

> temp = expand(TEDS(eq[11 m2], temp)) : T(%);
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> temp = raise(temp, e) : temp = raise(temp, f) : T(%);
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temp =@ = _6—c,e8—d,f
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© = 3 n—a, -b, ¢, -d Uy mcna, b, e,fu—fm—e

B temp = expand(TEDS(el, temp) )
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>e2 :=subs(a=f,id[1]) : T(%);
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> temp = Absorbd(Absorbd(rhs(temp)));
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> temp = expand(TEDS(e2, temp)) : T(%);

e e
©, u uf—i-w o,

W,0_ uu_p

d

>el =cetal -a,-b,-c,-d]-etala, b, e, ] =-4- antisymm(delta[ -c, e]-deltal -d, f],-¢,-d) :

uy
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> e2 = expand(TEDS(u[e]-omega[ -e] =0, temp)) : T(%);

o ‘o, (1.54)
[ hence we have shown that (Senovilla eqn 12)
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[ > S ot used
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=> eq[11] :== omega[ -a,-b]=eta][ -a,-b,-e,~f]-omega[e]-ul f1: T(%);

©,=1,p00 u’ (1.55)
> raise(eq[10], a) : T(%);

®a=%ﬂab0d“b(’°cd (1.56)
> eq12 a] = eq[12];

€d124°= “)2:% O 5D, - (1.57)

>eq12b] = (1)2=0mega[a]~0mega[ ~al:T(%);
=00, (1.58)
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| End of page 1c - to equation 12
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>

=> save eq, "Seneqslc";

=> read "Seneqslc" :

=> show(eq) :

=>

=> PrintSubArray(eq, 1,12, y);
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