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| > restart;with(Riemann):with(Tensor Pack): with(Canon):CDF(0): CDS(index):
Chapter XX Tensor analysis using indices - Senovilla et al. - Shearfree for acceleration parallel
to vorticity if o ;=0 =>006=0
Author: Peter Huf

| eq70

> read "EFE" : read "SFE" :read "fids" :read "Seneqs80" :
> eq[70]

P H9* p"3)*omegat2") : T(%);

:= parse("1/Ps1"2* p" *Psi[-A]*omega[a] = 1/3/Psi"2/"p" *(-3*PU*Ps1"2* p"" +Ps1"2*
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;proof of eq70: We commence with eq69
> temp = eq[69]:T(%);
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[> temp2 == eq[66]: T(%);
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[ > temp3 = expand(TEDS(temp, temp2)) : T(%);
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;Now we argue that since:
> temp4 := theta| -A4,-B]=theta[ -B,-4]: T(%);

0 sab =0 N

;so we have
> temp5 = expand(cod(temp3,-b)) : T(%);

> temp6 = cod(subs(a=b, A=B, temp3),-a) : T(%);
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;andalso
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| Also we note a previous kinematic identity:

> temp7 = parse("dottheta[ -4 ] =theta[ - F]*du[ f]1* u[ -a]-theta[ - F']* omegal f,-a]-theta
*theta[ -4] +4 *omega* omegal -4 ]-1/2*mu[-4]-3/2*p[-A4] +dule,-E,-A] + 1
/9 *theta3 *u[ -a]-2/3 *theta*u[ -a]* omega™2 +1/6*theta*u[ -a]*mu+1/2
*theta*u[ -al*p-1/3*theta*u[ -a]*dule,-E]"):T(%);

dottheta , =0 ,du 'u,—6 .0/ —00 +400 - % T %p;a+du (1.8)
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;is the same as temp5 contracted with u[b]. Let us explore this momentarily:
> temp8 = expand(temp5-u[b]) : T(%);
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;and now some identities:
> temp9 = expand( TEDS( p"[-Bl-ulb]l=-p"0 (;,L-I—p), temp8)) T (%);
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> templ() = expand(TEDS(du[ -b]-omega[b] =Psi-(1)2, expand(TEDS(omega[ -a,-Bl-u[b]




i-@-(ﬂ[—a] +ul[-al-du[ -b]-®[b], expand( TEDS(Psi[ -B]-u[b]
=rhs(eq[65]), expand( TEDS(theta[ -B]-u[b]=rhs(eq[69]), expand( TEDS(u[b]-u[ -a,
-B]ZPSi'Omega[-a],temp9))))))))))Ig(%); ,
b >, 206 p’zua 306 po,
u"0.,,=3p'0u, o + — (1.11)
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;where we have used:
>eq[65]:T(%);
2

dotpsi=| - £E p{’ +32° 1 Llyg (1.12)
P v 3
>omega[—a,—B]-u[b]=9-omega[—a]-‘p"—§-G-m[—a]+u[—a]-du[—b]-u)[b]:T(Oo);
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;Looking at temp7 with the assumptions:
> templ 1 = expand( TEDS(temp3, TEDS(du[ /'] =Psi-omega[ /], TEDS(omega[ f,-a]-theta[
~F1=0,temp7)))) : T(%);
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:where we have used:
> templ2 = subs(a=f,A=F, TEDS(omega[a]-u[ -a]=0, expand(omegala]-eq[66]))) :
T(%);
3w fp'e O]
0’8 - Tf (1.15)
> templ3 = Subs(a =-a,A=-A, isolate( TEDS(du[a] =Psi-omegala], TEDS(p[ -Blulb]=
-p"0 - (u +p), subs(Absorbg(TEDS(Pla, b]1=g[a, b] +ul[a]-u[b], eq[31]))))
plA4]1)) : T(%);
0, "not a tensor"
P ,~up'Ou, +pp'Ou, —Ypo —Yop, (1.16)

> convert(templ 3, string);
"p[-A] = mu*'p" *theta*u[-a] +p* 'p" *theta*u[-a]-Psi*mu*omega[-a]-Psi*p*omega[-a]" (1.17)
;and also

> templ4 = mul -a] = EEEMPIS) 1o
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(> dotp=-p'0 (u+)p)
dotp =[5 p(x) ) 8 (+p(x))

> templ5 = expand( TEDS(templ4, expand( TEDS(templ3, expand( TEDS (templ2,
p p p 4 p P p

templl)))))) : T(%);
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;so we have
> templ6 = rhs(templ5) —rhs(templ0) =0 : T(%);
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| and contracting with omega[a]:

2
> templ7 = expand( TEDS( omegala ] omega[ al=w , expand(TEDS(omega[a]-ul -

expand(omegala]-templ6)) ) )

2
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=> cod(omega-omegalal,-a) : T(%);

[0Y0) a’.a+0)’.a omegal-A] “
=> templ8 = dule,- E]=cod(Psi-omegale],-¢) : T(%);

du e;eZ‘Pw e’,e-i-‘P;eco ¢
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> temp19 = TEDS (omega[e,-E]=2-Psi-w , temp18) : T(%);
2
du ¢ ,=2% o +¥ 0 °

> convert(templ9, string);
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"du[e,-E] = 2*Psi"2*omega”2 +Psi[-E]*omegale]" (1.26)
_convert(temp 19,string);

[ > #temp20:=cod(Psi[ -E],-a) : T(%);
>

> temp21 = expand(u[b]-temp6) : T(%);

b 3ubp”_a90)b 3ubp’9;a(nb 3ubp’9(1)b;a 3ubp'9(1)b‘P;a
u 0.,.,= + + — (1.27)
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:with some identities:
> temp22 = expand( TEDS(u[b]-u[ -b]=-1, expand( TEDS(u[b]-u[ -b,-A]
expand(TEDS(u[b]-omega[ -b]=0, temp21)))))) : T(%);
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;Now from
>ul[b]-omegal -b]=0:T(%);
u'w,=0 (1.29)
;we have from SSSeq6, and assumptions
> temp23 = isolate(cod(u[b]-omegal -b]=0,-a), u[b]-omega[ -b,-A]) : T(%);
o, =-u’ o, (1.30)
B temp24 = subs(a=c,A=C,b=a,B=A4,c=-b, C=-B, subs(sigma=0, eq[6])) : T(%);
ub,.a=%9Pba+(ob —du ", (1.31)
> temp25 = TEDS(P[b,-a]-omega[ - b] =omegal -a], TEDS(du[b]-omegal -b] =Psi-o,
expand( TEDS(omega[ - b ]-omega[ b, - a] =0, expand( TEDS temp24, temp23)))) ) ) :
T(%);
b 1 2
u ‘”b;a:’?e“)a"'”a\y‘” (1.32)
> temp26 = expand(TEDS(temp25, temp22)) : T(%);
2 2 2
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|from kinematic quantities:

p"PUdu,

p’b=p”PUube_ ’

: p
> temp27 = p[-A]= p"-PU-ul -a]-theta — L—LLDL=a] 70,

P
p"PUdu
p .,=p"PUu, 00— —"F— (1.34)
[ > temp28 := TEDS(temp27, temp26) : T(%);
2 2

u be,_by,azé(e (6 PU¥p'p 6 u, +3¥ & p'u,~6 PU¥dup"0,~¥F 0p'6, (135)

+6¥pto,—6¥p7e )
;and so we have:
> temp29 = expand(qﬁ-expand(rhs(tempIO) — rhs(temp28) 20)) T (%);
6 PUYp'p"6 1, +2Wp* 6 u , +6 PUVdup"8 ,—2¥ 0p'8",—6¥p?00,,  (1.36)
+6¥p*e° =0
;contracting with omegala]:
> temp30 = ;(expand( TEDS( omegala]-omegal -a]= 0)2, expand(TEDS(omegala]-u[ -a]

=0, expand(omegala]-temp29))) ) ) ) :T(%);

3PUW P 0 du 0 “—¥ p'6’ 0 —3¥pP 0 0., +3p7 0" W o =0 (1.37)
[ from SSSeq66:
> temp31 == TEDS(omega[a]-u[ -a]=0, expand(omegala]-eq[66])) : T(%);
30 ‘poo,
@0, = (1.38)

> temp32 = factor( TEDS( omegala]-omegal -a]= (02, expand( TEDS( dul -a]-omega[a]=Psi
-0)2, expand(TEDS (temp31, temp30)) ) ) ) ) T (%);

0 (3PUY 0 p" ¥ 0 p' =90 p  +3p7¥ 0 ) =0 (1.39)
;so we have theta=0 OR
> temp33 = % 1 T(%);
0
3PUY & p"—W o p =90 p* +3p° ¥ 0 “=0 (1.40)

> temp34 = isolate(tempSS, 3. ‘p'2~Psi[ —A]-omega[a]) ' T(%);
2 a __ LIJZ 2 " \112 2 ' 2 s
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collect( temp34, [(02] )

> temp35 = : T(%);
3.\112.‘pf‘
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;which is SSSeq70
> convert(temp35, string);
"1/Psi™2* p" *Psi[-A]*omegala] = 1/3/Psi*2/ p" *(-3*PU*Psi"2* p"" +Psi"2*'p" +9*'p"*3)* (1.43)

omega™2"




