:> restart;with(Riemann):with(Tensor Pack): with(Canon): CDF(0): CDS(index):
I Chapter XX

Tensor analysis using indices - Senovilla et al. - Shearfree for
acceleration parallel to vorticity

if o . b=0 =>ue=()
Author: Peter Huf
file 2d:eq60-revisitl

[ In this file we continue to follow the equations outlined by Senovilla et al. (2007) with the assumptions
foracceleration parallel to vorticity
e

\ 4

> read "EFE" : read "SFE" :read "fids" :read "Seneqs80" :

=proof of eq60:

=> eq[60] :== P[a,-b]-omega[b, d,-D]=eta[ ~a,-b,-c,-d]-u[b]-ifduld, C]: T(%);

P’ =n g tifdu (1.1)
:where

> defifdu = ifdu= 16)1:[1 :T(%);

du

ol = 1.2
ifdu ” 1.2)

B defifdua = ifdufa]= L4 . p(op.

o Psi o

a du “

filu = 13
ifdu ” 1.3)

| and the following assumption is operational, where ‘' is an arbitrary non-vanishing function:
> assumption = du =Psi-omega: T'(%);

du=¥Y ® (1.4)
> assumption? = omegala]= dl;)[s?] 2T (%);
a
o = (1.5)

b3



| proof:

sk ok s sk sfe sk sk sk ok s ke s sk sk sk sk s sk s sk sk sk sk sk sk s sk sk sk sk s sk sfe sk sk sk sk sk sk sk skeosk skok sk

[ > temp = subs(b=-d,a=-b,eq[11]) : T(%);

bd__ bd

n’,o ‘u’

(O)
=> temp?2 = cod(temp,-d) : T(%);
o’ d,.d=n b def(o “u f’.d+n b defm ‘au Tgn? def’,dco “u’
=> temp3 = TEDS(eta[b, d,-e,~f,-D]=0, temp2) : T(%);

b d

b d bd
" ,=n of® “u f},d+n of O e;du /

> temp4 = expand(P| -a,-b]-temp3) : T(%);

b d b d e f

_ b d f .
Py " =P M @ “u atPapn 0 u

=> temp5 = lhs(temp4) = Absorbg(TEDS(P| -a,-b]l=g[-a,-b] +u[-a]-u[ -b],
rhs(temp4))) : T(%);
P,,o b d)_dZT] b def(D euaubu f’.d—i-n

s

bd f

d e
+n, ef® gt

=> temp6 := TEDS(eta[b, d,-e,-f1-u[ -bl-u[ f1=0, temp5) : T(%);

b d f

_ . bd e . d e f d
P p® " " y=m " 0w M, 0w M, 0 U

> 0q[60]: T(%):

a b d b . d ;¢
Pr,o =N gt Hfdu

>
=> temp7 = subs(a =d, cod(defifdua, c)) : T(%);
d ;c d NS
. : g
ifey @ o= du " du

¥ v’

;subs for omega in tempb6:
> temp8 := TEDS(subs(a = e, assumption2), temp6) : T(%);

b d

S d f d ‘
b d n eft gt ptt ;ddu e+na ef® e;du Y+n, oft

e f d e
ef(D qu uaub-l—na ef(J) u’ g4

e f

P o d=
b wd W

[ > subs(d=e, C=-D, temp7) : T(%);
du e,.d B du e‘I’,.d
¥ ¥’

[ > temp9 = cod(subs(a = e, assumption2),-d) : T(%);

ifdu e;d:

sk ok s sk sk sk sk sk ok s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk kok sk

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)



o= = — : (1.16)

[ > templ0 = TEDS(temp9, temp8) : T(%);

b d 1 b d d
P, ,o "d=\}12<n efuaubuf’,ddu e‘P-l—na oft f’,ddu ‘¥ 1.17)
d d
+Wdu © M, ot f—‘P’,ddu ‘n, ot f)

sk ok s sk sk sk sk sk ok s sk sk sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk skoskeosk skosk sk
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[ The last term in temp10 can be shown to be the first term on the rhs of eq60b.

Looking at the terms on the RHS
sk ok s sk sk sk sk sk ok s sk sk sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk s sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk sk s sk sk sk sk skoskeosk skosk sk

sk sk sk sk s sk sk sk sk sk sk sk sk sk sl sk sk sk sk sk sk sk sk sk sk sk sl sk sk sk sk sk sk sk sk skeskeoske sk sk sk sk sk sk sk sk sk
| The first term:
>templ01 == op(1,0p(2,0p(2, templ0))) : T(%);

n " du P (1.18)
> templ02 := subs(sigmal -a,-b]=0,a=-f,b=d,B=D, eq[6]) : T(%);
u f;d=%9Pfd+mfd—du Tu, (1.19)

> templ03 := expand(TEDS(temp102, templ101)) : T(%);

i\PePfddu ‘n b d

3 wy,—Wdu “du’n "y, (1.20)

efua
b d
+W¥du °n ef('ofduaub

_Eliminating product of symmetric and antisymmetric terms:
> templ04 = expand(TEDS f d]-eta[b, d,-e,-f]1=0, temp103)) T(%);

-Wdu “du n U ubud—l—‘Pdu n (Dfduaub (1.21)
=> templ05 := expand(TEDS(u[ -b]-ul[ -d]-eta[b, d,~e,-f1=0, templ104)) : T(%);
Wau ‘n’ 0 uu, (1.22)
>temp]06 = TEDS(eta[b,d,-e,~f]-u ]-omegal f,-d]=omegal -e], templ05) : T(%);
Ydu ‘u, o, (1.23)

;(check sign of above step - should be ok)
> temp107 == TEDS(du[e]-omegal -e] =Psi-o , templ06) : T(%);

Vi o (1.24)
[ > terml = templ07 : T(%);

Vo (1.25)



This must be timelike, and so result in zero component in a spacelike projection.

mﬂiofﬁrﬂienn*******************************************************************
sk st sk sk sfe sk sk sl sk sk st sk sk sk sk sk sl sk sk sk sk sk sk sk sk sk sl sk sk sk sk sk sk sk skoskosko sk skeskoskoskoskosk

sk s sk sk sfe sk ske sk sl sk sk sfe sk sk sk sl s sk sk sk ske sk sl s sk sfe sk sk sk sl s sk sfe sk sk sk sl sk sfe sk sk sk sl sk sk sfe sk sk sk sie s sk sfe sk sk sk sl sk sfe sk sk sk sl sk sk sk sk stk sk skeoskesk skosk sk
sk sfe sk sk sfe sk st sfe ke sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfe sk sk sfeoske sk sk sk sk skeskok

;The second term:
> temp201 = op (2, op(2, op(2, templ0))) : T(%);

N, ¢ou ! gdu (1.26)
[ > temp202 := subs(sigmal -a,-b]1=0,a=-f,b=d,B=D, eq[6]) : T(%);
1
! =5 0P rol —du'lu, (1.27)

[ > temp203 := expand( TEDS(temp202, temp201)) : T(%);
1 d d d
S WOP  du = du fdu e, e (1.28)

;Eliminating product of symmetric and antisymmetric terms:
> temp204 = expand(TEDS(P[ f,-d]-eta] -a, d,-e,-f1=0, temp203)) : T(%);
“Wdu ‘du’nm, ¢+ Wdu e (1.29)

=> temp205 = expand(TEDS(dule]-du[ f]-eta[ -a, d,-e,-f1=0, temp204)) : T(%);

Wdu ‘n, 07, (1.30)
=> templ06 := TEDS(du[e] =Psi-omega[e], temp205) : T(%);

¥in, 07 0° (1.31)

(check sign of above step ?)

Due tot eh eta tensor, the terms is orthogonal to both the vorticity vector and the plane of the

vorticity tenso. Hence term 2 must be timelike (and so result in zero component in a spacelike
| projection) i.e. for some function K:

> term2 = K-u[-a]:T(%);
Ku, (1.32)

endOfSCCOHdtenn*****************************************************************
sk s sfe sk sfe sk ske sk sl s sk sk sk sk sk sk s sk sk sk ske sk sk sk sk sk sk sk sk st sk sk sk sk skeoske sk sk skeosk sk sk

;The third term:
> temp301 = op (3, 0p(2, 0p(2, templ0))) : T(%);
Wau € m, u’ (1.33)
(> eq[54]: T(%);
Lp ep dy Lp ep Qg —po 1.34
_2 a b ud,'c+2 b a ud;c_p wab (‘ )

=> convert(eq[54], string);
"-1/2*P[-a,c]*P[-b,d]*du[-d,-C] +1/2*P[-b,c]*P[-a,d]*du[-d,-C] = "p" *theta*omega[-a,-b]" (1.35)




> temp302 = subs(d=x,D=X,c=y,C=Y,b=e,a=d, eq[54]) : T(%);

—%dePexdux;yﬁ-%Pedexdux’.y=p’90)de
> temp303 = Absorbg(TEDS(P[ -d,x]=g[-d,x] +u[-d]-u[x], temp302)) : T(%);
—%dePexdux;y—l—%Peydux;yu xud+%Peydud;y=p'90)de
=> temp304 = Absorbg(TEDS(P[ -e,y]1=g[-e,y] +ul -e]-uly], temp303)) : T(%);
—%dePexdux;y—l—%dux;yu Tu yudue—l-%dux;eu xud—l—%dud;yu “u,
+ % du, ,=p'0o,,
=> temp305 := Absorbg(TEDS(P[ -d,y]=g[-d,y] +ul-d]-uly], temp304)) : T(%);
—% P, xdux;yu yud—%Pe xdux;d-i- % dux’,yu “u yudue—i- % dux’,eu xud
+ % dud,,yu yue-l— % du , ,=p'0o,,
=> temp306 := Absorbg(TEDS(P[ -e,x]|=g[-e,x] +u[ -e]-u[x], temp305)) : T(%);
—% du , u Yu ,— % du . guu,— % du , ., + % du . u “u,+ % du 4., u Tu,

1 )
+Ed“d;e=p bo,,

> temp307 := subs(e =-e, isolate(temp306, du[ -e,-D])) : T(%);
du e;d: -2p'0o, —du e;yu yud-l-dud,.yu “u y—dux;du “u x—l—dux;eu xud
+du, .,

;so to create the third term from this:
> term31 = expand(etal -a, d,-e,~f]-ul f]-temp307-Psi) : T(%);

d ' d d
Y du e}.dna ert /= -2¥p'on, ef® g ‘ul—way e’,yn oft Tu yud

a
+‘I’dud’,yna defu “ulu y—‘Pdux;dna defu ‘ulu”
d d

+W¥du,  m, efufuxud+‘l’dud;ena efuf

> term32 = expand(TEDS(eta[ -a, d,-e,~f |-u[ f1-u[ -d]=0, term31)) : T(%);

d e f 'y
efu u u

d fo ' d f
Y du e;dn erl =-2¥p'on, ef(’)de” -I-‘I‘dud;yn

a
—WYdu M, defu “u’u x—l—‘Pdud),ena defu !

a

> term33 = expand(TEDS(eta[ -a, d,-e,~f |-u[ f1-ule] =0, term32)) : T(%);
Y du e;dn defu =2 Yp'on, def(‘)d ‘u f—i—‘l*’dud;ena defu 4

a
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> term34 = expand(TEDS(eta[ -a, d,-e,-f]-du[ -d,-E]=-eta[ -a, d,-e,-f]-du[e,-D],
term33)) : T(%);

d , d d
Wau ¢ g, ul=-2%pon, ! o, ul—Vdu (1.45)
> term35 = (term34—0p(2,20p(2, term34))) T(%):
d ) d
Wau ¢ m, u’=-¥pon, ! 0, u’ (1.46)
> term36 :== TEDS(eta] -a, d,-e,-f]-u[ f]-omega[ -d, e] =2-omega[ -a], term35) : T(%);
Wdu ¢, ul=-2%p00, (1.47)
;so we have
> term3 = rhs(term36) : T(%);
-2¥p'0o, (1.48)

end Ofthlrd term*******************************************************************
st st sk sk sfe sk sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ook sk sk sk sk s sk skoskosk sk sk skeskoskoskock

;The fourth term:
> term41 == op(4, op(2, op(2, templ0))) : T(%);

W gdun, (1.49)
=> term42 == TEDS(du[e] =Psi-omegale], term41) : T(%);

¥, Yo (1.50)
:Now fromeqll:

> term43 = subs(b=-d, eq[11]) : T(%);
d d e f

W, =M, O u (1.51)
=> term44 := rhs(term43) = lhs(term43) : T(%);
N, ‘0 ul=0,? (1.52)
=> term45 == subs(D=-D, d =-d, TEDS(term44, term42)) : T(%);
= A O (1.53)
> termd = termd5: T(%);
= S O (1.54)

end offourth teml******************************************************************
sk s sfe sk sfe sk ske sk sl sk sk sfe sk ske sk sk sk sk sfe sk sk sk sie sk sk sfe sk ske sk sl sk sk sfe sk sk skeosk sk skeoskesk sk sk

>

;so combining the terms:
(terml + term?2 + term3 + term4)

‘{’2

> templl = lhs(templ0) = :T(%);

(1 R\



2 , d
W0 —2¥p00,—F Yo, +Ku,

b d
P o 4= (1.55)
ab od \I/Z
;proj ecting with P[c,a]
> templ2 = expand(P|c, al-templl) : T(%);
2P0 PCUW g P Ku
PP o =P U o~ : _ od 4 < (1.56)

a Wy vy e

;and substitute identities:
> templ2a = subs(c=e, expand(TEDS(P[c, al-u[ -a]=0, expand(TEDS(P|[c,a]-P[ -a,-b]
=Plc,-b], templ2))))) : T(%);
' sd
b4 Pez_zp”pema_P”\P o, (L5
,'d b \Il \P .

> templ2b := TEDS(P[e, al-omegal -~a]=omegale], templ2a) : T(%);

W

J B TR d 200w ¢
p oo
"’ P =- v < - v (1.58)

> templ2c := expand(subs(e=-a, TEDS(P|e, a]-omega[ -a,-d]=omegale,-d], templ2b))) :
T(%);
2p'fo, ‘P"d(oad
P o = — 1.59

;which is eq60 (second part)
> eq[60] := convert(templ2c, string) : T(%);
"P[-a,-b]*omega[b,d,-D] = -2*"p" *theta*omega[-a]/Psi-1/Psi*Psi[D]*omega[-a,-d]" (1.60)

> ¢q[60]
:= parse("P[-a,-b]*omega[b,d,-D] = -2* p" *theta*omega[-a]/Psi-1/Psi*Psi[D]*omega] -a,-
d]") : T(%);
d
2p'6m Y "o
b d a ad
P o a=- — 1.61
ab d ¥ P (1.61)




