;> restart;with(Riemann):with(Tensor Pack): with(Canon): CDF(0): CDS(index):
Chapter XX

Tensor analysis using indices - Senovilla et al. - Shearfree for
acceleration parallel to vorticity

if & . b=0 =>ue—=()
Author: Peter Huf
file 2d:eqSS

[ In this file we continue to follow the equations outlined by Senovilla et al. (2007) with the assumptions
for acceleration parallel to vorticity, in this case the proof of eq55

_explanation of terms:
PU=pn+p

time derivatives:

dotX=time derivative of entity X
noting eg.

dotmu’® = time derivative of *
where as

mudot is the time derivative of L

mudot “ = covariant derivative of mudot (mu=p)

and so on...

> read "EFE" : read "SFE" :read "fids" :read "Seneqs31":

;We are attempting to prove eq55 of Senovilla et al. (2008) (same as eq 3.19 in Sopuerta (1998)):

> eq558SS = Pla,-b]-dotdu[b] = (‘p" — ; — (mu +p)- ( ,];,‘ ) ) -theta-du[a]
+ omegala,-b]-du[b] + p'-Pla, b]-theta[ -B]: T(%);

+ n
P, dotdu "= (p’—%—%) Odu “+o “ydu"+p'P 00, @2.1.1)

_proof of eq55:
We commence with time dilation of equation 56:




prmuld] .

> q[56] = dua] = p"theta-ufa] = £ -8

(2.1.2)
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[ > temp = factor((p +mu)-eq[56]) : T(%);

(u+p) du a=p’(9uau+9uap—u"a) (2.1.3)
;orrather
>temp2 := (p +mu)-dulal=(p +mu)- p'-theta-u[a] — p" mu[d]:T(%);
(W+p)du “=p'6u“(u+p) —p'pn™ 2.1.4)

;and we define
>defPU :=mu+p=PU:T(%);

uw+p=PU (2.1.5)
=> defPUr := PU=mu +p : T(%);
PU=u+p (2.1.6)
=> temp2b = TEDS(defPU, temp2) : T(%);
du “PU=p'Ou “PU—p'n " (2.1.7)

> temp3 = subs(a=b, A=B, dotT (temp2b)) : T(%);
PUdotdu * + dotPU du =PUdotp'O u b + PUp'0 dotu b + PUp'dottheta u b (2.1.8)
+dotPUp'O u b_ dotp' L b — p'dotmu b

;and taking the projection:

> temp3b = expand(Pla,-b]-temp3) : T(%);

PUP abdotdu b+ dotPUP abdu b=PUdotp’9P abu b—i—PUp'GP abdotu b (2.1.9)
+ PUp'dottheta P abu by dotPUp'0 P abu b —dotp' P abu b —p'P abdotmu b

:and elimination of terms:
> temp3c = expand(TEDS(Pla,-b-u[b]=0, temp3b)) : T(%);

PUP “, dotdu ” +dotPUP * ydu "=PUp'8 P *, dotu ” — dotp'P * ;. " (2.1.10)

—p'P abdotmu b




;Now we have a few substitutions:
>eq[30]:T(%);

dotmu +6 (L+p) =0 (2.1.11)
[ > temp4 = eq[30] — op (2, (op(1,eq[30]))) : T(%);
dotmu=-0 (L+p) (2.1.12)

;and also it can easily be shown, using the chain rule (see p30b notebook)
> temp5 = dotp =- p"- (mu + p) -theta : T(%);

dotp=-(u+p)p'0 (2.1.13)
:and SO
> temp6 = dotT (defPU) : T(%),
dotmu + dotp = dotPU 2.1.14)
=> temp7 = rhs(temp6) = lhs(temp6) : T(%);
dotPU = dotmu + dotp (2.1.15)
=> temp8 = factor(TEDS(temp4, temp7)) : T(%);
dotPU=-10 —p 0 + dotp (2.1.16)
=> temp9 = TEDS(defPU, factor( TEDS(temp5, temp8))) : T(%);
dotPU=-0 (p'+1) PU (2.1.17)

[ and also it can easily be shown, using the chain rule (see p30b personal notebook): THIS STEP
| NEEDS CONFIRMATION

> templ0 = ‘dotp” =~ p""-PU-theta : T(%);
dotp'=-p" PU® (2.1.18)

;and so far we have
> templl := TEDS(temp10, TEDS(temp9, temp3c)) : T(%);

P, du"0PUp'—P “,du "0 PU+PUP *, dotdu "=PUp'8 P *, dotu (2.1.19)
+ P abu ’.bp”PUG —p'P abdotmu 0
(> eq[30]: T(%):;
dotmu +6 (L+p) =0 (2.1.20)

| Now we have shown in HC69:
> HC[69] = subs(B=-B, TEDS(-mu — p =-PU,
collect(parse("dotmu[-B] = -theta[-B]*mu-theta[-B]*p-theta*mu[-B]-theta* p'" *mu[-B]-
mu[-D]*u[d,-B]"), [theta[ -B]]))) : T(%);
dotmu " =-p'ou " —pPU8 " —ou " —p u (2.1.21)

;and substituting in temp11:
> templSa = expand(TEDS(HC[69], templl)) : T(%);




P, du "0 PUp'—P “,du "0 PU+PUP *,dotdu "=PUp'0 P *, dotu * (2.1.22)

+P Y, u’p PUS+pPOP “ u " +PUP'P Y, 0 P +pOP 1

+p'P abu;du d ;b

=> templSa2 = expand(TEDS(Pla,-b-u[b]=0, templ5a)) : T(%)

P, du "8 PUp'—P *,du "0 PU+PUP *dotdu "=PUp'8 P *, dotu * (2.1.23)
+P Y u’lp PUO+pPOP 0 +PUP'P Y, 0 P +pOP

+p'P abu;du b

=> templSa3 = expand(TEDS(dotu[b]1=du[b], templ5a2)) : T(%)

-P“,du"0PUp'—P *,du "0 PU+PUP *,dotdu "=P *,du "0 PUp’' (2.1.24)
+P“,up PU6+pPOP 0P+ PUP' P, 0 pOP 1
+p'P abu’_du d ;b

=> templSa4 = expand( 'p"-TEDS(Pla,-b|-du[b]=dula], templ5a3)) : T(%)

-PUp* 0 du “—PUp'8du “+PUp'P “, dotdu "=PUp'p"8P “, 1" (2.1.25)
+pPOP “, 0w +PUP?Odu “+PUPP “,0 " +ptoP ‘1’
+p’2P abu’.du d b

=> templ5a5 := isolate(templ5a4, 'p'" -P[a,-b]-dotdu[b]-PU) : T(%);

PUp'P “, dotdu "=PUp'p"®P “,u " +p? 0P “, 0" +2PUp?Odu “ (2.1.26)
+PUP"P “,0 " +p?0P 0 +pP P u u "+ PUP O

=> #templ5a6 :=Absorbg(TEDS(Pla,-b]=gla,-b] +ula]l-u[ -b], rhs(templ5as5))) : T(%);

> #templS5a7:=TEDS(mu[B]-u[ -b]=-theta-PU, temp15a6) : T(%);
> #templ5a8:=collect(templSa7, [theta, du[a], PU, p""]) : T(%);

;so we have:
> lhs(‘t;T.};)]éaﬂ =collect(expand(w ), [ula], theta, dula], mu[A]]) :T(%);
P *, dotdu "= % @2.1.27)
> 055555 : T(%):
P “,dotdu "= (p'—% —%J Odu “+o “,du"+p'P "0, (2.1.28)

:so we are not really close here....let us relook at temp15a5




> expand( :T(%);

templ5as )
PUP “, dotdu "=P “ ,u""p"PUO +p” 0P “ , 0" +2PUp'0du “+PUp'P“,0 " (2.1.29)

+p'6P ¢, 1 Pypp Cpuu b L9 PUdu

> temp15a51 = expand( TEDS (P[a,-b]-p .ml‘l[’Bi]z—du[a]-PU, temp15a5) ) T(%):
p'-PU
d ;b
PUp"Odu * . o p P u o u
P, dotdu "= -—L = 4 podu “+p'P 7,0 "+ bpc}d (2.1.30)
[ > temp15a52 := collect(templ5a51, [theta, du[a]]) : T(%);
. p,P a W u d ;b
P”bdozdubz(—ﬂ]?— +p') du“0+p' P, 0"+ b= 2.1.31)
p PU
;Let us look at the 2nd term on the RHS of temp15a52
> temp15a53 = &0l pmul=DJuld, B] . p o).
PU
d ;b
PP gu
: 2.1.32
U ( )
;Now
> aside := TEDS(p[-B]1= p"*mu[ -B], TEDS(p + mu=PU, eq[31])) : T(%);
P p'u,+du “PU=0 (2.1.33)
[ > aside? = Absorbg(TEDS(Pla,b]=gla, b] +ulal-u[b], aside)) : T(%);
0, "not a tensor"
P u “u b+ du “PU+p'u“=0 (2.1.34)
> aside3 := TEDS(mu[ -B]-u[b]=-PU-theta, aside?) : T(%);
-p'u “PUO +du “PU+p'n =0 (2.1.35)
[ > aside4 := subs(a=-d, A=-D, isolate(aside3, p'-mu[A])) : T(%);
p'u’,dZPUp'eud—PUdud (2.1.36)

;also from eqb6:
> aside5 = TEDS(sigma[d, b]1=0, subs(a =-d, A=-D,b=-b, B=-B, eq[6])) : T(%);

ud,.b:%epdb_i_mdb_dudub 2.137)
;and sotempl5a53
> uside6 — expand( expand(P[a,-b]-rhs(aside4) -rhs(aside5)) ) T(%):
PU
1 1

02 db

3 TP 0P Tdu +P oo Py, =P du 0 " (21.38)




—P %, p'6du <y bud+P ¢, du ddudu b
[ > aside7 = expand(TEDS(P[d, b]-u[ -d]=0, aside6)) : T(%);
1

d b P d b d b P d b
3 POP P P p 00 =P du 0 =P e Yt

+P abdu ddudu b

=> aside8 = expand(TEDS(omega[d, b|-u[ -d] =0, aside7)) : T(%);
1
3
[ > aside9 = expand(TEDS(Pla,-b-u[b]=0, aside8)) : T(%);
1

a d b a
—?P bGP dud—P bdud(o

=> asidel 0 == expand(TEDS(P|a,-b]-du[ -d]-Pld,b]l=dula), aside9)) : T(%);

d b

P ydu 0 = S0

=> asidell = expand(TEDS(P[a,-b]-omegald, b]=-omegala, d], asidel0)) : T(%);

du g " = < 0 ¢

;and so we have
> asidel2 = templ5a53 =asidell : T(%);
d b

p’Pabu;du ad 1 a
U —dud(o -3 0 du

[ > collect(TEDS(asidel2, temp15a52), [theta, du[a]l]) : T(%);

P abdotdu b:(__LPZ' +p’—%) du “6+p'P “be "b-l-dudw ad

[> ¢g5555S: T(%);

1 (utp)p”

P dotdu "= (p’—
b 3 p

jedu “+oydu"+pP"0,

;and so we are done....
> convert(eq55S8SS, string);

b]*theta[-B]"

-—P abGP d bdud—P abdud(:) db_p abp’edu T bud—l-P abdu ddudu b

(2.1.39)

(2.1.40)

(2.1.41)

(2.1.42)

(2.1.43)

(2.1.44)

(2.1.45)

(2.1.46)

"P[a,-b]*dotdu[b] = ('p"-1/3-(mu+p)*'p"/p")*theta*du[a] +omega[a,-b]*du[b] + p" *P[a, (2.1.47)



